A model of collision-dominated space-charge sheaths is developed using the approximation of mobility-controlled ion motion. Results of numerical and asymptotic solutions are given. The asymptotic solution has exponential accuracy with respect to the ratio sheath voltage/electron temperature and provides for near-cathode sheaths results which can be considered as practically exact. On the basis of the asymptotic analysis, a simple exponential-accuracy analytical model of the ion layer is given. Voltage drops in different zones ͑the ionization layer, the ion-electron layer, and the ion layer͒ are identified. The voltage drop in the ion-electron layer is found to be quite close to kT e /e. Results of numerical integration for conditions typical for high-intensity discharge lamps are presented.
I. INTRODUCTION
Near-cathode layers in high-pressure arc discharges are at present understood relatively well ͑see, e.g., Refs. 1-4 and references therein͒ for the case of moderately high pressures, when the ions do not suffer collisions in the space-charge sheath. The latter condition may be violated, e.g., under conditions typical for high-intensity discharge lamps, which sometimes operate at pressures of several tens of atmospheres, or higher ͑see, e.g., Ref. 5͒. In fact, ion motion in the sheath may be collision dominated at pressures that high.
A theory of collision-dominated space-charge sheaths in high-pressure arc discharges is considered in this article. The problem of choosing a model which would provide good accuracy in a wide range of conditions while being simple enough to be used in engineering practice is considered in Sec. II. The governing equations are written under the approximation of mobility-controlled ion motion and appropriate boundary conditions are formulated. Analytical and numerical solutions of the formulated problem are given in Sec. III. The analytical solution obtained has exponential accuracy with respect to the ratio sheath voltage/electron temperature. In Sec. IV, the physical sense of the analytical results is discussed and a simple analytical model of the ion layer is given which has exponential accuracy with respect to the above-mentioned ratio. Concluding remarks are given in Sec. V. As an example, numerical results for conditions typical for high-intensity Hg discharge lamps are presented.
II. MODEL OF A COLLISION-DOMINATED MOBILITY-CONTROLLED SPACE-CHARGE SHEATH
The simplest description of a collision-dominated nearcathode space-charge sheath may be obtained on the basis of the well-known model of electron-free sheath with mobilitycontrolled ions ͑see, for example, Ref. 6͒ . ͑Ion transport in a collision-dominated plasma is termed mobility-controlled if it is dominated by the electric field, all other potential driving forces, including the gradient of the ion pressure, being minor.͒ In Refs. 7 and 8 a mathematical treatment of the problem of a collision-dominated space-charge sheath at a surface under a large negative potential was performed by the method of matched asymptotic expansions, the asymptotic large parameter being eU D /kT e , where U D is the sheath voltage and T e is the electron temperature. It was found that the asymptotic structure of the solution includes, in particular, the ion layer, which is an inner section of the sheath where the electron density is small compared to the ion density, and the outer section of the sheath where the ion and electron densities are comparable ͑this region will be referred to as the ion-electron layer͒. It was shown that a dominant contribution to the total sheath voltage is given by the ion layer and that ion motion in the ion layer is to a first approximation mobility controlled. As a consequence, the ͑first-approximation͒ solution of Refs. 7 and 8 conforms to the solution of Ref. 6 . Thus, the model of electron-free mobilitycontrolled sheath of Ref. 6 may be characterized in mathematical terms as an asymptotic model applicable in the first approximation in the large parameter eU D /kT e .
A question arises as to what is the accuracy of the model of Ref. 6 . There are three sources of error in this model: disregard of the presence of electrons, assumption of mobility-controlled ion motion, and approximate boundary conditions at the sheath edge ͑which are zero electric field and zero electrostatic potential͒. The error caused by the disregard of the presence of electrons is in the bulk of the sheath exponentially small ͑with respect to the large parameter eU D /kT e ͒ and may therefore be neglected. The accuracy of the approximation of mobility-controlled ion motion is O(kT i /eU D ), where T i is the ion temperature. Since the ratio kT i /eU D is usually rather small, one can hope that the error caused by this approximation also is small. Finally, the error caused by the use of approximate boundary conditions at the sheath edge is of the order of kT e /eU D ; if T e ӷT i , this error is larger than the other two errors and may in fact be rather substantial.
In Ref. 9, the model of mobility-controlled ion motion was used to describe the distribution of parameters in a cross section of a glow discharge column, i.e., in both the spacecharge sheath and in the ͑adjacent͒ region of quasineutral plasma. Since there is no explicit division of the sheath into the ion-electron layer and the ion layer, an advantage offered by such an approach is that it does not require a formulation of boundary conditions at the edge of the ion layer. However, there is an additional error of the order of T i /T e in this approach originating in the use of the model of mobilitycontrolled ion motion not only in the ion layer, but also in the ion-electron layer and in the quasineutral plasma. This error is not critical as far as the ion-electron layer is concerned, since the contribution of this layer to the total sheath voltage is of the order of kT e /eU D and, therefore, the respective error appearing in the overall description of the sheath is of the order of kT i /eU D . On the other hand, this error may be essential as far as the quasineutral plasma is concerned. Indeed, if the ratio T i /T e is not small, this error will result in a considerable error in the value of the ion flux to the surface ͑which is formed in the quasineutral plasma͒.
The electron temperature in near-cathode layers of highpressure arc discharges is not known in advance and is likely to vary over a wide range depending on conditions. It is desirable, therefore, to develop a model which would be equally applicable in both cases T e ӷT i and T e ϭO(T i ). Such a model may be obtained by applying the assumption of mobility-controlled ion motion in the space-charge sheath ͑without explicitly dividing it into the ion-electron layer and the ion layer͒, but not in the quasineutral plasma. It follows from the above that the accuracy of such an approach is kT i /eU D , regardless of whether the ratio T i /T e is small or not. Such an approach will be used in this work.
A system of equations describing a collisional mobilitycontrolled space-charge sheath of a weakly ionized plasma at a surface under a large negative potential includes the hydrodynamic equation relating the drift velocity of ions to the applied electric field, the Boltzmann distribution of the electron density, and the Poisson equation:
Here the y-axis is directed from the plasma to the cathode surface, n i and n e are the number density of ions and electrons, J i is the density of the ion flux to the surface ͑a constant which should be determined with the use of boundary conditions͒, i is the ion mobility, is the electrostatic potential, T e is the electron temperature ͑a given constant͒, and n 0 is a constant which should be determined with the use of boundary conditions.
Equations ͑1͒ and ͑2͒ must be supplemented with an expression for the ion mobility as a function of the local electric field EϭϪd/dy: i ϭ i (E).
Boundary conditions for Eqs. ͑1͒ and ͑2͒ at large distances from the cathode surface follow from matching with a solution describing the ionization layer, which is a region of quasineutral plasma adjacent to the space-charge sheath, in which the ion flux to the cathode is formed ͑e.g., Refs. 1-4 and references therein͒. Since the electron temperature in this layer does not change much, the Boltzmann distribution of the electron density, described by the first equation in Eq. ͑2͒, also applies in the ionization layer. Choosing the zero of potential at the edge of the ionization layer, one should set n 0 equal to n iϱ the charged particle density at the edge of the ionization layer.
We assume that the ion temperature in the ionization layer equals the atomic temperature T a which is constant, and consider an atomic plasma in which the dominant kinetic processes are ionization of atoms in collisions with electrons, and recombination in which the role of a third body is played by an electron. Then the diffusion theory gives the following value of the ion flux from the ionization layer to the edge of the space-charge sheath ͑and to the cathode surface͒:
where iϱ ϭ i (0) is the ͑constant͒ value of the ion mobility in the ionization layer, and d is the ionization length defined in Ref. 10 . Thus, the constants J i and n 0 in Eqs. ͑1͒ and ͑2͒ have been determined. One may obtain boundary conditions of asymptotic matching of charged-particle densities and electrostatic potential in the sheath with respective functions in the ionization layer by setting Aϭn iϱ /d and Bϭd in Eqs. ͑6͒ and ͑7͒ of Ref. 11. However, boundary conditions obtained in such a way would be inconsistent with Eq. ͑1͒, which is a consequence of the absence of the ion pressure gradient term in this equation. In order to find appropriate boundary conditions for Eqs. ͑1͒ and ͑2͒, one should find the asymptotic behavior of a solution to these equations ͑with the values of constants J i and n 0 found above͒ at large negative y. We shall seek the asymptotic behavior of the charge particle densities as n i ϭA͑Ϫy ͒ϩ . . . , n e ϭA͑Ϫy ͒ϩ . . . , ͑4͒
where A is a constant coefficient to be determined. Making use of the first equation in Eq. ͑2͒, one finds the asymptotic behavior of the potential
͑5͒
Expansions ͑4͒ and ͑5͒ are compatible with Eq. ͑1͒ provided that
Thus, boundary conditions for Eqs. ͑1͒ and ͑2͒ at large distances from the cathode surface have been formulated: they are given by Eqs. ͑4͒ and ͑5͒, supplemented with Eq. ͑6͒.
A boundary condition at the cathode surface is obtained by specifying the local potential,
ϭϪU, ͑7͒
where U is the voltage drop between the edge of the ionization layer and the cathode surface ͑a given positive quantity͒.
III. ANALYTICAL AND NUMERICAL TREATMENT
It is convenient to eliminate n i and n e from Eqs. ͑1͒ and ͑2͒ and to introduce dimensionless variables
where
are known parameters. It should be emphasized that ⌽ tends to zero at large distances from the cathode surface. In a general case, thickness of a collision-dominated ionelectron layer is of the order of ( D 2 L) 1/3 and the electric field in this layer is of the order of kT e /͓e(
where D and L are, respectively, the characteristic Debye length in the quasineutral plasma and a length scale characterizing the quasineutral plasma ͑see, e.g., Ref. 7͒. The quasineutral plasma is represented by the ionization layer under conditions considered in this work, hence one can set Lϭd and D ϭ( 0 kT e /n iϱ e 2 ) 1/2 ͑the latter equality amounts to estimating the Debye length at the edge of the ionization layer͒. The above introduced parameters l and E 0 may be represented in the form
Since T e /T a уO(1) for conditions of practical interest, the factor (T e /T e ϩT a ) 1/3 is of order unity. It follows from the above that l represents a scale of thickness of the ionelectron layer and E 0 represents a characteristic electric field strength in the ion-electron layer.
For transparentness, we restrict the consideration in the bulk of the article with the particular case when ions interact with neutral atoms as Maxwell molecules ͑the model of constant collision frequency͒; formulas for the general case are given in the Appendix. In the case of Maxwell molecules, the ion mobility does not depend on the electric field and is therefore constant across the sheath, i ϵ iϱ . Functions F(Y ) and ⌽(Y ) are governed by equations
It is convenient to transform Eq. ͑11͒ expressing ⌽ as a function of F. One gets a ͑single͒ equation
This equation must be integrated with the boundary condition
⌽͑0 ͒ϭ0 ͑13͒
in the direction of increasing F until the potential has reached the value ϪU. After the problem ͑12͒, ͑13͒ has been solved, one can determine the relationship between Y and F, defined by the formula
where F 0 is a constant specifying the position of the origin. For definiteness, we shall set F 0 ϭ1. In order to find an asymptotic solution to the problem ͓Eqs. ͑12͒ and ͑13͔͒ at small F, it is convenient to formally solve Eq. ͑12͒ for e ⌽ and write
Solving this equation by iterations, one arrives at
In terms of the physics involved, this formula describes the solution at the ''sheath edge,'' where the plasma is quasineutral, and is similar to the respective expansions obtained in different variables, e.g., in Ref. 9 . In order to find an asymptotic solution to the problem ͓Eqs. ͑12͒ and ͑13͔͒ at large F, it is convenient to write formally
At F→ϱ, ⌽→Ϫϱ and the third integral on the right-hand side converges exponentially. Hence, the upper limit in this integral may, to exponential accuracy, be replaced by infinity and the latter formula may be rewritten as
where C 1 is a ͑constant͒ parameter defined by the formula
Note that numerical calculations give C 1 ϭ1.0082.
In a similar way, one can derive a formula describing to exponential accuracy the asymptotic behavior at large F of the function Y (F)
Note that numerical calculations give C 2 ϭ0.0679. Equations ͑19͒ and ͑21͒ represent the asymptotic solution to the considered problem at large F. This solution has exponential accuracy, which means that it provides a precise description of functions ⌽(F) and Y (F) already for values of F of order unity. The physics described by this solution is discussed in detail in the next section.
While integrating the problem ͑12͒ and ͑13͒ numerically, special care was taken in order to ensure accuracy of the solution in the vicinity of the point Fϭ0, at which Eq. ͑12͒ has a singularity. Note that it is possible to avoid the singularity by beginning the numerical integration at a nonzero F with the initial condition given by Eq. ͑16͒. Unfortunately, it is unclear whether good accuracy can be achieved in such a way, since the expansion Eq. ͑16͒ may not converge ͓in such a case, it can ensure a precise initial condition only at very small F, where Eq. ͑12͒ is singular͔. In this work, the integration started at the point Fϭ0.
Results of numerical calculations are shown in Fig. 1 . Also shown is the one-term asymptotic behavior of the function ⌽(F) at small F, which is given by the first term on the right-hand side of Eq. ͑16͒, and the asymptotic behavior of functions ⌽(F) and Y (F) at large F, which is given by Eqs. ͑19͒ and ͑21͒, respectively. In the range Fу2 (Fу2.5), Eqs. ͑19͒ and ͑21͒ describe the numerical solution with an accuracy better than 2% ͑0.1%͒.
IV. EXPONENTIAL-ACCURACY MODEL OF THE ION LAYER
The above asymptotic results for the case F→ϱ describe the ion layer ͑the electron-free section of the space-charge sheath͒. In order to recast these results in a more transparent way, one can represent them in the form of a simple model of the ion layer having exponential accuracy with respect to the large parameter eU D /kT e . A system of equations describing the ion layer includes Eq. ͑1͒ and the second equation in Eq. ͑2͒ with the electron density term dropped:
A general solution to these equations may be written in the form
where il and il are integration constants and is the distance from the cathode surface ͑ϭy w Ϫy; index w here and later is attributed to values of respective quantities at the cathode surface͒.
One can see that the solution ͓Eq. ͑24͔͒ cannot be extended in the direction into the plasma beyond a point ϭ il , at which the quantity under the square root in the first equation in Eq. ͑24͒ decreases down to zero or, in other words, at which Eϭ0. It is natural to define this point as the edge of the ion layer. A detailed discussion of this definition ͑for the case of a collision-free ion layer͒ may be found elsewhere ͑Ref. 12͒; here we only emphasize that what vanishes at the edge of the ion layer is not the ͑exact͒ electric field but rather the extrapolation of an approximate solution describing the field inside the layer; the exact value of the field at the edge of the ion layer is of course nonzero, although it is much smaller than the field in the bulk of the layer. Thus, one of the boundary conditions at the edge of the ion layer for equations describing distributions inside the layer is
Eϭ0. ͑25͒
The constant il may be found with the use of Eq. ͑19͒, which reads in dimensional variables The boundary condition at the surface is given by Eq. ͑7͒. Thus, one arrives at the following model of the ion layer: the model comprises Eq. ͑23͒ and boundary conditions ͑25͒, ͑27͒, and ͑7͒. A solution to this model is given by Eq. ͑26͒ and by the first equation in Eq. ͑24͒, in which the integration constant il has the meaning of the thickness of the ion layer and is related through the formula il ϭ 0 i E w 2 /2eJ i to E w the electric field at the cathode surface, the latter being governed by the equation
Uϭ
kT e e ln T e d ͑ T e ϩT a ͒l ϩ kT e e C 1 ϩ 0 i 3eJ i E w 3 .
͑28͒
In accordance with the preceding section, this model has exponential accuracy with respect to the large parameter (Ϫ⌽ w ). It is identical to the model of electron-free sheath with mobility-controlled ions of Ref. 6 with the exception of the boundary condition for potential at the edge. A similar exponential-accuracy model for the ion layer under conditions of a collisionless sheath was developed in Ref. 12 .
The quantity on the right-hand side of Eq. ͑27͒ represents the combined voltage drop in the ionization layer and the ion-electron layer ͑with the opposite sign͒. There is no unique way to separate contributions of each layer, since the potential distribution in the ionization layer has at the sheath edge a singularity rather than a finite value ͓cf. Eq. ͑5͔͒, hence some cutoff or other is necessary. For example, one can estimate the potential at the boundary between the ionization layer and the ion-electron layer by setting yϭϪl in Eq. ͑5͒: ϭϪ (kT e /e) ln ͓T e d/(T e ϩT a )l͔. Then the terms on the right-hand side of Eq. ͑27͒ may be identified as the voltage drop in the ionization layer and the voltage drop in the ion-electron layer, respectively ͑with the opposite sign͒. Note that such a subdivision conforms to the fact that the first term involves parameters d and T a relevant in the ionization layer, while the second term depends only on T e . It is interesting to note also that the voltage drop in the ion-electron layer to the accuracy of 1% coincides with kT e /e. Now Eq. ͑28͒ acquires quite a transparent physical sense: the voltage drop between the edge of the ionization layer and the cathode surface equals the sum of voltage drops in the ionization layer, in the ion-electron layer, and in the ion layer. One can also precisely define the term ''sheath voltage:'' it is the difference between the value of the potential ϭϪ kT e /e ln T e d/͓(T e ϩT a )l͔ at the above-defined boundary between the ionization layer and the ion-electron layer and the value of the potential at the cathode surface. It follows that the sheath voltage U D equals the sum of the second and third terms on the right-hand side of Eq. ͑28͒. Note that there is a simple relation between U D and the function ⌽:
It follows that the parameter (Ϫ⌽ w ), governing accuracy of the above-described model of the ion layer, is to a first approximation equal to eU D /kT e . Converting Eq. ͑21͒ to dimensional variables and applying it at the cathode surface, one gets
The physical sense of this equation may be understood as follows: a distance between the cathode surface and a ͑posi-tioned inside the ion-electron layer͒ point at which E ϭkT e /el equals the thickness of the ion layer plus the distance C 2 l, which is about 7% of the scale of thickness of the ion-electron layer.
V. CONCLUDING REMARKS
A simple model of a collision-dominated near-cathode layer in high-pressure arc discharges is formulated. The model is based on using the assumption of mobilitycontrolled ion motion in the space-charge sheath but not in the quasineutral plasma, and has the accuracy of kT i /eU D regardless of whether the ratio T i /T e is small or not. Assuming that the ion and atom temperatures are comparable, one can express the accuracy of the formulated model also as O(kT a /eU D ).
Numerical and approximate asymptotic solutions to the formulated problem have been obtained. Results of the asymptotic analysis are presented in the form of a simple analytical model of the ion layer which has exponential accuracy with respect to the large parameter eU D /kT e . The model is identical to the model of electron-free sheath with mobility-controlled ions of Ref. 6 with the exception of the boundary condition for potential at the edge, and it is this boundary condition that ensures exponential accuracy. The model provides a solution at the cathode surface ͑in particular, the electric field at the cathode surface͒ to an accuracy better than 2% or 0.1% for eU D /kT e exceeding 3.62 or 6.21, respectively ͑note that the latter values correspond to values Fϭ2 and Fϭ2.5, cited at the end of Sec. III͒. Since the voltage drop across a sheath at a floating wall is no smaller than approximately 4kT e /e, the asymptotic treatment can be considered as exact in the case of cathode sheaths. In other words, the overall accuracy of the asymptotic solution is limited by the assumption of mobility-controlled ion motion, used in the statement of the problem, rather than by the asymptotic approximation employed in order to obtain an analytic solution.
Contributions of the ionization layer, of the ion-electron layer, and of the ion layer to the total potential difference between the edge of the ionization layer and the cathode surface are described by terms of the right-hand side of Eq. ͑28͒, respectively. In particular, the voltage drop in the ion-electron layer is very close to kT e /e. It is interesting to note that this value is not very different from the voltage drop in the collisionless ion-electron layer, which is As an example, distributions of ͑dimensional͒ chargedparticle densities, electric field and electrostatic potential in the sheath are shown in Fig. 2 for a mercury plasma at a pressure of 100 atm with the heavy-particle temperature of 3500 K. The distributions were obtained by the numerical integration. The electron temperature was set equal to 6220 or to 8460 K, which corresponds to a density of ion current from plasma to cathode surface of 10 5 and 10 7 A/m 2 , respectively. Assuming that the ion current density is of the order of 0.1 of the total current density, one can expect that the total current density under these conditions is of the order of 10 6 and 10 8 A/m 2 , respectively. One can see, in particular, that the sheath thickness is about 0.25 and 0.06 m, respectively. Both lengths are much larger than the mean free path for collisions of ions with neutral atoms, which is 0.0016 m, thus the assumption of collision-dominated ion motion in the sheath is justified. The separation of charged particles in the sheath is pronounced quite strongly.
A contribution of electrons emitted by the cathode surface to the plasma space charge is assumed to be negligible in the above treatment. Following, e.g., Refs. 13 and 14, one can estimate the number density of the emitted electrons in a collision-dominated sheath near the cathode surface by means of the formula n ew ϭ4 j em /eC e , where j em is the electron emission current density and C e is the electron mean thermal speed. Estimating the latter at the temperature of 3500 K, one finds that n ew ϭ0. for the total current density of the order of 10 6 A/m 2 and of the order of 10 23 m Ϫ3 for the total current density of the order of 10 8 A/m 2 ͒, which conforms to the above assumption. On the other hand, such a simple estimate is hardly sufficient and a more elaborate treatment of the effect of emitted electrons is desirable.
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APPENDIX: FORMULAS FOR THE GENERAL CASE OF FIELD-DEPENDENT ION MOBILITY
The aim of this appendix is to modify formulas of Sec. III for the case of variable ion mobility.
Instead of the first equation in Eq. ͑11͒, one gets
where f ϭ iϱ / i is a known function of F, f ϭ f (F). Note that f ϭ1ϩO(F 2 ) at small F. Equations ͑12͒, ͑14͒, and ͑15͒ assume the form, respectively,
͑A3͒
Solving the last equation at small F by iterations, one arrives at
ϩ . . . .
͑A4͒
One can find from Eq. ͑A4͒ the following asymptotic behavior of the function ⌽(F) at small F:
This equation replaces Eq. ͑16͒. Equations ͑17͒-͑22͒ assume the form, respectively, FIG. 2. Distributions of the charged particle densities, electric field, and potential in the sheath in a mercury plasma. pϭ100 atm, T a ϭ3500 K: ͑a͒ T e ϭ6220 K, ͑b͒ T e ϭ8460 K.
